We describe a contact analog of the symplectic cut construction [L]. As an application we show that the group of contactomorphisms for a particular overtwisted contact structure on the three sphere contains countably many nonconjugate two tori.
Introduction
In this short paper we introduce the notion of cuts in the contact category and use it to construct an overtwisted structure on the three-sphere with the property that the corresponding group of contactomorphisms contains countably many nonconjugate two-tori. Unfortunately the notion of the moment map which is used in the paper depends strongly on the contact form and not just on the contact structure. For this reason the paper is probably not optimal. On the other hand, moment maps as used in the paper make it very easy to write down explicit formulas. Note that since contact reduction can be defined without any reference to moment maps [S] , contact cuts may presumably also be defined without moment maps.
Cuts
2.1. Topological cuts. Consider an action (λ, m) → λ · m of a circle S 1 on a manifold M . Let f : M → R be an S 1 invariant function. Suppose that a ∈ R is a regular value of f and suppose that the action of S 1 on f −1 (a) is free. We claim that the topological space (2) m = λ · m ′ for some λ ∈ S 1 , is a smooth manifold. We will refer to M [a,∞) as the cut of M with respect to the ray [a, ∞).
To see that M [a,∞) is a manifold observe first that since a is a regular value of f and since the action of S 1 on f −1 (a) is free, f −1 (a) is a principal S 1 bundle, and a neighborhood of f −1 (a) in M is diffeomorphic to f −1 (a) × (a − ǫ, a + ǫ) for some ǫ > 0. Next note that the cut of f −1 (a) × (a − ǫ, a + ǫ) amounts to replacing the cylinders S 1 × (a − ǫ, a + ǫ) that form the fibers of the bundle
Completely analogously one defines 2.2. Symplectic cuts. Next suppose that additionally the manifold M possesses an S 1 invariant symplectic form ω such that the function f is a moment map for the action of S 1 . Then the cut M [a,∞) is a symplectic manifold. More precisely Theorem 2. Let (M, ω) be a symplectic manifold with a Hamiltonian action of a circle S 1 , let f : M → R denote a corresponding moment map. Suppose that S 1 acts freely on a level set f −1 (a) for some a ∈ R (so that a is a regular value of f ). Then the cut of M with respect to the ray [a, ∞) is naturally a symplectic manifold. Moreover, the natural embedding of the reduced space
The level set Ψ −1 (a) is a (set theoretic) disjoint union of two manifolds 
Remark 3. More generally the construction can be carried out for Hamiltonian torus actions. A ray would then be replaced by a simple rational polyhedral cone in the dual of the Lie algebra of the torus with the "Delzant condition" on the edges; see [L, LMTW] .
2.3. Contact cuts. We start by recalling the definition of the moment map for a group action preserving a contact form [A, G] .
Definition 4. Let M be a manifold with a contact one-form α. Suppose a Lie group G acts properly on M and preserves the contact distribution ker α. By averaging if necessary we may assume that α is G-invariant. We define the corresponding moment map Φ : M → g * (g * is the dual of the Lie algebra g of G) by the equation
for all η ∈ g. Here ·, · : g * × g → R is the standard pairing, and η M denotes the vector field on M induced by η ∈ g.
Consider a manifold M with an action of S 1 and assume that there is on M an S 1 invariant contact form α. Let f : M → R denote the corresponding moment map.
Next assume that circle action on the zero level set f −1 (0) is free. Then, as in the symplectic case, 0 is a regular value of f . Hence the quotient M 0 := f −1 (0)/S 1 is a smooth manifold. Moreover, it is easy to see that the restriction α| f −1 (0) descends to a one-form α 0 on M 0 . It is not hard to check that α 0 is a contact form (see [A] or [G] ). We will refer to the pair (M 0 , α 0 ) as the contact quotient of the contact S 1 -manifold (M, α, f ). Note that for a = 0 there is no reason for f −1 (a)/S 1 to be contact. Proof. Consider the contact manifold (M × C, α + 1 2 √ −1(zdz −zdz)) with the circle action λ · (m, z) = (λ · m, λ −1 z). The corresponding moment map Ψ is given by Ψ(m, z) = f (m) − |z| 2 . As in the symplectic case the level set Ψ −1 (0) is a (set theoretic) disjoint union of two manifolds
Again the first manifold is S 1 equivariantly diffeomorphic to the product of the open subset {m ∈ M : f (m) > 0} and the circle, and the second manifold is S 1 equivariantly diffeomorphic to the level set f −1 (0). The pullback of the contact form α+ 1 2 √ −1(zdz−zdz) by the embedding
Similarly one checks that the natural embedding M 0 ֒→ M [0,∞) is contact as well.
Remark 6. The construction above is local: it is enough for the circle action to exist on an open subset the contact manifold M .
Remark 7. As in the symplectic case, if the contact manifold carries a torus action then we can define cuts with respect simple rational polyhedral cone in the dual of the Lie algebra of the torus with the "Delzant condition" on the edges. One can prove directly that if the moment map is transverse to all faces of the cone then the resulting cut space is a contact orbifold. Alternatively, one can apply theorem 5 above and contact reduction in stages.
examples
Example 8. Consider the three-manifold M = S 1 × S 1 × R with the contact α = cos t dθ 1 + sin t dθ 2 . The two torus
The action preserves the contact form α, and the corresponding moment map f = (f 1 , f 2 ) : M → R is given by f (θ 1 , θ 2 , t) = (cos t, sin t).
Let's cut M with respect to [0, ∞) using f 2 . Since
, n ∈ Z}, the cut is n∈Z {(θ 1 , θ 2 , t) : t ∈ [2πn, π(2n + 1)]}/ ∼, which is the disjoint union of countably many copies of S 1 × S 2 . We will see later that the contact structure that we have constructed on S 1 × S 2 is fillable.
Example 9. Consider again (M, α) = (S 1 × S 1 × R, cos t dθ 1 + sin t dθ 2 with the same action of the two-torus. Now let's carry out the cuts locally. That is, let
where (θ 1 , θ 2 , 0) ∼ (θ 1 , θ 2 + b, 0) for all θ 1 , θ 2 , b ∈ S 1 and (θ 1 , θ 2 , 3 2 π) ∼ (θ 1 + a, θ 2 , 3 2 π) for all θ 1 , θ 2 , a ∈ S 1 . It is easy to see that N 1 is diffeomorphic to the three sphere. The contact form α 1 induced by the cut is overtwisted: for any c ∈ S 1 the set
is an overtwisted disk. Here [θ 1 , θ 2 , t] denotes the class of (θ 1 , θ 2 , t) ∈ S 1 × S 1 × [0, (2 − 1 2 )π] in N 1 .
Similarly the manifolds
where mutatis mutandis (θ 1 , θ 2 , 0) ∼ (θ 1 , θ 2 + b, 0) for all θ 1 , θ 2 , b ∈ S 1 and (θ 1 , θ 2 , (2k − 1 2 )π) ∼ (θ 1 + a, θ 2 , (2k − 1 2 )π) for all θ 1 , θ 2 , a ∈ S 1 , are overtwisted S 3 's for all k = 2, 3, . . . . Since for any two indices i and j the corresponding contact forms can be connected by a path of nonvanishing 1-forms, it follows from a theorem of Eliashberg [E] that all the pairs (N k , α k ) are isomorphic as contact manifolds.
On the other hand, as T 2 contact manifolds (N k , α k ) are distinct. Consider the moment map for the action of T 2 on (N k , α k ). The map clearly depends on the contact form α k . Indeed, ifα k is another invariant form defining the same contact structure as α k , thenα k = h k α k for some nonvanishing function h k . Thus the moment map defined byα k is h k times the moment map defined by α k . Consequently the number of components of the fibers of the moment map 1 does not depend on the choice of the contact form. For the moment map on (N k , α k ) the number of components of a fiber is either k or k − 1. This distinguishes (N k , α k ) as T 2 contact manifolds. We conclude:
Theorem 10. There exists an overtwisted contact structure on the 3-sphere for which the group of contactomorphisms contains countably many nonconjugate two-tori.
Remark 11. The following observation was made by Ilya Ustilovsky. We can restrict the actions of T 2 on the contact spheres (N k , α k ) to an action of a circle. Then the same argument as above shows that the corresponding circles are not conjugate inside the contactomorphism group. Consequently not only the two-tori are non-conjugate, but also no circle inside one of these two-tori is conjugate to a circle inside the other.
Cuts of hypersurfaces of contact type. Suppose (M, ω) is a symplectic manifold with a Hamiltonian action of S 1 and a corresponding moment map f : M → R. Suppose that Σ is a hypersurface in M of contact type which is perserved bythe action of S 1 .
More specifically, assume that there is an S 1 invariant vector field X defined in an invariant neighborhood of Σ such that X is transverse to Σ and such that the Lie derivative of ω with respect to X is ω. Then the contact form α := (ι(X)ω)| Σ is S 1 invariant, and the moment map f Σ for the action of S 1 on Σ is, up to an additive constant, the restriction of f to Σ. Assume that the constant is zero.
Next assume that S 1 acts freely on f −1 (0). Then 0 is a regular value of f and of f | Σ . Hence the cut Σ [0,∞) is a hypersuface in the cut M [0,∞) . The vector field X descends to a vector field X in a neighborhood of Σ [0,∞) . Consequently the cut Σ [0,∞) is a hypersurface of contact type in the cut M [0,∞) , and the cut contact form on Σ [0,∞) is (ι(X)ω [0,∞) )| Σ [0,∞) , where ω [0,∞) is the induced symplectic form on M [0,∞) .
The same argument holds for torus actions and cuts with respect to cones.
Example 12. Consider the cotangent bundle M = T * T 2 of the standard two torus with the standard symplectic form. Denote the coordinates on T 2 by θ 1 , θ 2 and the correspoding coordinates on T * T 2 by θ 1 , θ 2 , p 1 , p 2 . In these coordinates the cosphere bundle with respect to the flat metric is Σ = {(θ 1 , θ 2 , p 1 , p 2 ) : p 2 1 + p 2 2 = 1} ≃ T 3 . The contact form on Σ is α = p i dθ i | Σ .
Consider the action of S 1 given by a · (θ 1 , θ 2 , p 1 , p 2 ) = (θ 1 , θ 2 + a, p 1 , p 2 )
The map f (θ 1 , θ 2 , p 1 , p 2 ) = p 2 is a corresponding moment map. It is not hard to see that M [0,∞) = {(θ 1 , θ 2 , p 1 , p 2 ) : p 2 ≥ 0}/ ∼, which is symplectomorphic to T * S 1 × C, and that Σ [0,∞) ≃ S 1 × S 2 . Consequently the contact structure on S 1 × S 2 that we obtained by cutting is fillable, hence tight (cf. example 8).
